Spectral inequalities for a class of integral operators by Laptev, Ari & Velicu, Andrei
ar
X
iv
:1
90
6.
08
60
4v
1 
 [m
ath
.A
P]
  2
0 J
un
 20
19
SPECTRAL INEQUALITIES FOR A CLASS OF INTEGRAL
OPERATORS
ARI LAPTEV AND ANDREI VELICU
To Nina Nikolaevna with respect and admiration
ABSTRACT. We obtain inequalities for the Riesz means for the discrete
spectrum of a class of self-adjoint compact integral operators. Such
bounds imply some inequalities for the counting function of the Dirichlet
boundary problem for the Laplace operator. The paper is an extension of
the results previously obtained in [5].
Let Ω Ă Rd, d ě 1, be a domain of finite measure, |Ω| ă 8, and let Kpxq,
x P Rd, be a homogeneous function of order α ´ d, such that 0 ă α ă d,
Kptxq “ tα´dKpxq, t ą 0.
Assuming Kpxq “ Kp´xq, we consider the self-adjoint integral operator
K defined in L2pΩq by
Kupxq “
ż
Ω
Kpx´ yqupyq dy. (1)
Let us introduce pK the Fourier transform of K in the sense of theory of
distributions pKpξq “ ż
Rd
e´ixξKpxq dx. (2)
The general theory of homogeneous distributions (see for example [2, 1])
says that if u P S 1pRdq is homogeneous of degree q, then pu is a homoge-
neous distribution of degree ´q ´ d. In addition, if u P C8pRdz t0uq, then
also pu P C8pRdz t0uq. Therefore pK is a real-valued homogeneous of order
´α function.
The operator K is a compact self-adjoint operator in L2pΩq that might have
positive and negative eigenvalues ts˘k u8k“1 accumulating at zero. The Riesz
means of the operator K is defined asÿ
k
p|s˘k | ´ sq`.
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The aim of this paper is to give both upper and lower bounds for the Riesz
means of the operator K.
The structure of the paper is as follows. In Section 1 we fine and prove an
upper bound for the Riesz means of arbitrary compact integral convolution
type operator in L2pΩq, where Ω Ă Rd is a domain of finite measure. In
Section 2 we obtain the lower bound which is more involved only for ho-
mogeneous kernels and Ω being strictly convex. Section 3 presents some
special cases and applications.
1. THE UPPER BOUND
Let Q be a distribution from S 1pRdq such that its Fourier transform pQ P
L1
loc
pRdq, satisfies
pQpξq “ ż
Rd
Qpxqe´ixξdxÑ 0 as |ξ| Ñ 8.
and its convolution kernel generates a compact operator in L2pΩq
Qupxq “
ż
Ω
Qpx´ yq upyq dy.
Theorem 1. Let Ω Ă Rd, d ě 1, be a domain of finite measure. Then the
following inequality holds for the Riesz means of the eigenvalues ts˘k u of
the operatorQ
ÿ
k
p|λ˘k | ´ λq` ď p2piq´d |Ω|
ż
Rd
p| pQpξq| ´ λq` dξ. (3)
Proof. Let tψ˘k u be the orthonormal system of eigenfunctions of the opera-
torQ corresponding to the eigenvalues λ˘k . Then by definition we haveÿ
k
p|λ˘k | ´ λq` “
ÿ
k
`ˇˇpQψ˘k , ψ˘k qˇˇ´ λ}ψ˘k }2˘`
“
ÿ
k
ˆˇˇˇˇż
Ω
ż
Ω
Qpx´ yqψ˘k pyqψ˘k pxq dydx
ˇˇˇˇ
´ λ}ψ˘k }2
˙
`
.
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Extendingψ˘k by zero outsideΩ and using the Plancherel theoremwe obtainÿ
k
p|λ˘k | ´ λq`
“
ÿ
k
p2piq´d
ˆˇˇˇˇż
Rd
pQpξq |xψ˘k pξq|2dξ ˇˇˇˇ´ λ ż
Rd
|xψ˘k pξq|2 dξ˙
`
ď
ÿ
k
p2piq´d
ˆż
Rd
´
| pQpξq| ´ λ¯ |xψ˘k pξq|2dξ˙
`
ď
ÿ
k
p2piq´d
ż
Rd
´
| pQpξq| ´ λ¯
`
|xψ˘k pξq|2dξ.
Let eξpxq “ eiξ¨x. We now use that tψ˘k u is the orthonormal system of
functions in L2pΩq and derive using Parseval’s identityÿ
k
|xψ˘k pξq|2 “ÿ
k
ˇˇˇˇż
Ω
e´ixξψ˘k dx
ˇˇˇˇ
2
“ }eξ}2 “ |Ω|.
This finally impliesÿ
k
p|λ˘k | ´ λq` ď p2piq´d |Ω|
ż
Rd
p| pQpξq| ´ λq` dξ.
The proof is complete. 
Let now Q “ K defined in (1). The next statement follows immediately
from Theorem 1 by changing variables in the integral in (3) by substituting
the homogeneous function pKpξq given by (2).
Corollary 2. Let Ω Ă Rd, d ě 1, be a domain of finite measure and let
0 ă α ă d. Then the following inequality holds for the Riesz means of the
eigenvalues of the operator Kÿ
k
p|λ˘k | ´ λq` ď p2piq´d |Ω|λ1´
d
α
ż
Rd
p| pKpξq| ´ 1q` dξ.
Similarly we obtain the following result related to the Helmholtz operator.
Corollary 3. Let κ ě 0, Ω Ă Rd, d ě 1, be a domain of finite measure and
let pQpξq “ 1|ξ|2 ` κ2 .
Then the eigenvalues of the operatorQ satisfy the inequalityÿ
k
p|λ˘k | ´ λq` ď p2piq´d |Ω|
ż
Rd
ˆ
1
|ξ|2 ` κ2 ´ λ
˙
`
dξ.
4 ARI LAPTEV AND ANDREI VELICU
2. THE LOWER BOUND
Let Ω Ă Rd, d ě 2, be a strictly convex domain of finite measure, |Ω| ă 8,
and suppose that there exists P P C8pRdq such that the boundary BΩ is
given by P pxq “ 0, and that |∇P | “ 1 on BΩ.
The proof of the lower bound is more involved and requires some geometric
considerations about the domain Ω. Due to convergence issues, we need to
make the assumption 0 ă α ă d´ 1 throughout this section.
Let 1Ω be the characteristic function of Ω, and introduce the function
ηpzq “
ż
1Ωpz ` yq1Ωpyq dy.
Geometrically, ηpzqmeasures the volume of intersection ofΩwith its trans-
lation by a vector z. We write z “ rz˜, where r “ |z| and z˜ P Sd´1, so we
can consider η as a function defined on r0,8qˆ Sd´1. We want to compute
the first terms in the Taylor expansion of η (in the sense of distributions)
around p0, z˜q. We have
ηpr, z˜q “ ηp0, z˜q ` rη1rp0, z˜q ` r2
ż
1
0
η2r pp1´ tqr, z˜q dt.
It is clear that ηp0, z˜q “ |Ω|, and in [5] the second term is computed using
the formula∇1Ωpzq “ δpP q∇P pzq (see [1]):
η1rpr, z˜q “
ż
δpP pz ` yqqp∇P pz ` yq, z˜q1Ωpyq dy.
In order to compute this, we use the following fact about the composition of
the Dirac delta function with another function, which holds for f, g : Rd Ñ
R ż
δpfpxqqgpxq dx “
ż
f´1p0q
gpxq
|∇fpxq| dσ,
where σ is the surface measure on f´1p0q. We then have
η1rpr, z˜q “
ż
Lz
p∇P pz ` uq, z˜q
|∇P pz ` uq| dσpuq “
ż
Lz
p∇P pz ` uq, z˜q dσpuq,
where Lz is the intersection of the domain Ω with the surface P pz` yq “ 0
(Lp0,z˜q will be understood as a limit, and it will depend on the direction z˜),
and σ is the surface measure on Lz. For the second equality, we used the
fact that |∇P | “ 1 on BΩ.
We need the following geometric fact. Let RΩ “ min distpu1, u2q
where the minimum is taken over all points u1, u2 P BΩ such that
p∇P pu1q,∇P pu2qq “ ´1; in other words, RΩ is the diameter of the largest
sphere entirely contained in Ω, or the maximum number with the property
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that Ω X pz ` Ωq ‰ H for all |z| ă RΩ. Then there exists a family of
diffeomorphisms Tz : S
d´1
` Ñ Lz from a fixed hemisphere Sd´1` onto the
surface Lz, for |z| ă RΩ, which is infinitely differentiable in z.
This fact allows us to change variables and to obtain
η1rpr, z˜q “
ż
S
d´1
`
p∇P pz ` Tzθq, z˜qJpTzq dσpθq,
where JpTzq is the Jacobian determinant of Tz. Since the integrand above
is a smooth function of z, this shows that η is smooth on r0, RΩq ˆ Sd´1.
We can then write down the Taylor expansion of η around r “ 0 in the form
ηpr, z˜q “ |Ω| ` rAΩpz˜q ` r2BΩpr, z˜q, (4)
whereAΩ is a smooth function on S
d´1 andBΩpr, z˜q “
ż
1
0
η2r pp1´tqr, z˜qt dt
is smooth on r0, RΩq ˆ Sd´1.
Remark 4. Take Ω Ă Rd to be a ball of radius one. In this case, we have
P pxq “ 1
2
p1 ´ |x|2q and for any z, Lp0,z˜q is the hemisphere of Ω centred
around the vector ´z˜. Using our previous computations we then have
η1rp0, z˜q “ ´
ż
Lp0,z˜q
u ¨ z˜ dσd´1puq.
Here σd´1 is the surface measure of the sphere S
d´1. Due to the symmetry
of Ω, AΩpz˜q “ η1rp0, z˜q does not depend on z˜, so it is a constant. By making
a convenient choice, we can then compute
AΩ “ ´
ż
Sd´2
ż pi{2
0
cospϕq sind´2pϕq dϕ dσd´2puq
“ ´ 1
d´ 1 |S
d´2|.
Let F pzq “ 1
|Ω|
Kpzq|z|AΩpz˜q, so F is a homogeneous function of degree
d ´ α ` 1. By the general theory, pF is a homogeneous function of degree
´α ´ 1. Since pK is also homogeneous of degree ´α, then there exist
continuous functions f, g : Sd´1 Ñ C such that
pKpξq “ fpξ˜q|ξ|α and pF pξq “ gpξ˜q|ξ|α`1 .
Let
γ “
ż
Sd´1
sgnpfpθqq|fpθq| d´α´1α gpθq dσpθq.
We are now ready to state the main result of this section.
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Theorem 5. Let Ω Ă Rd be a convex domain of finite measure and suppose
that 0 ă α ă d´ 1. Then we have the following lower bound for the Riesz
means of the operator Kÿ
k
p|λ˘k | ´ λq` ě
|Ω|
p2piqdλ
1´ d
α
ż
Rd
´
| pKpξq| ´ 1¯
`
dξ
` |Ω|p2piqd
γ
d´ α ´ 1λ
1´ d´1
α ` o pλ1´ d´1α q,
as λÑ 0.
Before we prove this Theorem, we need some auxiliary results.
Proposition 6. Let h : Rd Ñ R be a smooth function with support con-
tained in the ball of radius R centred at 0, for some R ą 0 and let v be a
homogeneous function of order κ ´ d, κ ą 0. Then the Fourier transformxvh of the product vh satisfiesxvhpξq “ pvhp0q `Op|ξ|´κ´1q, as |ξ| Ñ 8.
Proof. Since h is smooth we can consider the its Taylor expansion around
zero with a remainder term. Each term of the expansion is a homogeneous
function that has a weaker singularity at zero than κ. The Fourier transform
of the product of the remainder term and v decays to zero as fast as we like
depending on the number of term in the Taylor expansion. 
We now to apply Proposition 6 in the context of the Taylor expansion of η,
where the function B is only smooth on r0, RΩq ˆ Sd´1. In order to avoid
this problem, we introduce a smooth even function κ : Rd Ñ R such that
0 ď κ ď 1, κpxq “ 1 for |x| ď RΩ{2, and κpxq “ 0 for all |x| ě RΩ. Now
the function h “ κB satisfies the conditions of Proposition 6.
LetK0 “ κK and consider the operator
K0upxq “
ż
Ω
K0px´ yqupyq dy.
This is a compact self-adjoint operator on L2pΩq with positive and negative
eigenvalues
 
µ˘k
(8
k“1
accumulating at 0. The kernel of the operator K0´K
is smooth. Therefore, using [7] (see also [6]), we see that the eigenvalues
ν˘n of the operator K0 ´ K satisfy ν˘n “ opn´lq, for all l ą 0. Therefore it
is sufficient to prove our result for K0.
Proof of Theorem 5. Let
 
φ˘k
(
be an orthonormal set of eigenfunctions of
K0 corresponding to the eigenvalues µ
˘
k . Fix λ ą 0 and let ϕpxq :“ p|x| ´
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λq`. Then we haveÿ
k
p|µ˘k | ´ λq` “
ÿ
k
ϕpµ˘k q “
ÿ
k
ϕpµ˘k q
∥
∥φ˘k
∥
∥
2
“ 1p2piqd
ÿ
k
ϕpµ˘k q
ż
Rd
|xφ˘k pξq|2 dξ
“ 1p2piqd
ÿ
k
ϕpµ˘k q
ż
Rd
ż
Rd
ż
Rd
φ˘k pxqφ˘k pyqe´ipx´yq¨ξ dx dy dξ.
Recall that eξpxq “ eix¨ξ. Using the spectral theorem for compact self-
adjoint operators, we obtainÿ
k
p|µ˘k | ´ λq` “
1
p2piqd
ÿ
k
ϕpµ˘k q
ż
Rd
|pφ˘k , eξq|2 dξ
“ 1p2piqd
ż
Rd
ż
R
ϕpµq dpEµeξ, eξq dξ,
where Eµ is the spectral measure of K0.
Since
ż
dpEµeξ, eξq “ |Ω| for all ξ P RN , then 1|Ω| dpEµeξ, eξq is a prob-
ability measure. Because also ϕ is convex, then we can apply Jensen’s
inequality to obtain
ϕ
ˆż
µ
1
|Ω| dpEµeξ, eξq
˙
ď 1|Ω|
ż
ϕpµq dpEµeξ, eξq.
But, by the spectral theorem again,ż
µ dpEµeξ, eξq “ pK0eξ, eξq “
ż
Ω
ż
Ω
K0px´ yqe´ipx´yq¨ξ dy dx
“
ż
Rd
K0pzqηpzqe´iz¨ξ dz.
Using the expansion of η, we haveż
Rd
K0pzqηpzqe´iz¨ξ dz “ |Ω|xK0pξq ` xG1pξq ` xG2pξq,
where
G1pzq “ K0pzq|z|Apz˜q and G2pzq “ K0pzq|z|2Bp|z|, z˜q.
We have xK0pξq “ pKpξq ` ż
Rd
Kpzqp1 ´ κpzqqe´iz¨ξ dz.
8 ARI LAPTEV AND ANDREI VELICU
Sinceκ “ 1 near 0, thenKpzqp1´κpzqq is smooth onRd, so, by integration
by parts, the integral in this relation is Op|ξ|´kq as |ξ| Ñ 8, for all k ą 0.
Similarly, xG1pξq “ |Ω| pF pξq `Op|ξ|´kq
as |ξ| Ñ 8, for all k ą 0. Finally, by Proposition 6, we have xG2pξq “
Op|ξ|´α´2q. Putting all these together, we obtained that
1
|Ω|
ż
Rd
K0pzqηpzqe´iz¨ξ dz “ pKpξq ` pF pξq `Gpξq,
where Gpξq “ Op|ξ|´α´2q as |ξ| Ñ 8.
Going back to the computations above, we haveÿ
k
p|µ˘k | ´ λq` ě
|Ω|
p2piqd
ż
Rd
ϕp pKpξq ` pF pξq `Gpξqq dξ. (5)
Thus, we need to estimate
I :“
ż
Rd
´ˇˇˇ pKpξq ` pF pξq `Gpξqˇˇˇ´ λ¯
`
dξ
“
ż
Rd
´ pKpξq ` pF pξq `Gpξq ´ λ¯
`
dξ
`
ż
Rd
´
´p pKpξq ` pF pξq `Gpξqq ´ λ¯
`
dξ.
Denote the two integrals on the right hand side by I1 and I2, respectively.
Since Gpξq “ Op|ξ|´α´2q as |ξ| Ñ 8, there exist constantsM,C ą 0 such
that
|Gpξq| ďM |ξ|´α´2 for all |ξ| ě C.
Let BC be the ball of radius C centered at the origin. We can estimate the
integral I1 by splitting it into an integral over BC and an integral over its
complement, and treating each term separately. The integral overBC can be
bounded easily using the inequality pX ` Y q` ě X` ´ |Y |, and we obtainż
BC
´ pKpξq ` pF pξq `Gpξq ´ λ¯
`
dξ
ě
ż
BC
´ pKpξq ` pF pξq ´ λ¯
`
dξ ´
ż
BC
|Gpξq| dξ (6)
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Let m “ max
"
1, sup
Sd´1
|fpθq|, sup
Sd´1
|gpθq|
*
. Then, it can be easily checked
that for λ ă 1 we have
pKpξq ` pF pξq “ fpξ˜q|ξ|α ` gpξ˜q|ξ|α`1 ă λ for all |ξ| ą
ˆ
2m
λ
˙1{α
.
Using this, we can also estimate the second termż
RdzBC
´ pKpξq ` pF pξq `Gpξq ´ λ¯
`
dξ
ě
ż
RdzBC
ˆ pKpξq ` pF pξq ´ M|ξ|α`2 ´ λ
˙
`
dξ
ě
ż
RdzBC
´ pKpξq ` pF pξq ´ λ¯
`
dξ ´
ż
Cď|ξ|ăp2mλ q1{α
M
|ξ|α`2 dξ.
(7)
Adding up (6) and (7), we have obtained
I1 ě
ż
Rd
´ pKpξq ` pF pξq ´ λ¯
`
dξ `Opλ´ d´α´2α q, (8)
as λ Ñ 0. Similarly, we could bound I1 from above, so inequality (8) is in
fact an equality.
Exactly the same method could be applied to I2 where we obtain
I2 “
ż
Rd
´
´p pKpξq ` pF pξqq ´ λ¯
`
dξ `Opλ´ d´α´2α q,
and thus
I “
ż
Rd
´ˇˇˇ pKpξq ` pF pξqˇˇˇ´ λ¯
`
dξ `Opλ´ d´α´2α q
as λÑ 0. We are now left to compute the integral appearing in this expres-
sion. Using polar coordinates pr, θq, this becomesż
Rd
´ˇˇˇ pKpξq ` pF pξqˇˇˇ´ λ¯
`
dξ
“
ż
Sd´1
ż 8
0
ˆˇˇˇˇ
fpθq
rα
` gpθq
rα`1
ˇˇˇˇ
´ λ
˙
`
rd´1 dr dσpθq.
We will use the following Lemma to compute this integral.
10 ARI LAPTEV AND ANDREI VELICU
Lemma 7. Let C1, C2 P R be constants, and µ ą 0 a variable which will
be allowed to tend to 0. Thenż 8
0
ˆˇˇˇˇ
C1
rα
` C2
rα`1
ˇˇˇˇ
´ µ
˙
`
rd´1 dr “ α
dpd´ αq|C1|
d
αµ1´
d
α
` 1
d´ α ´ 1 sgnpC1q|C1|
d´α´1
α C2µ
1´ d´1
α ` opµ1´ d´1α q
(9)
as µÑ 0.
Proof. Let h : p0,8q Ñ R be defined by hprq “ C1
rα
` C2
rα`1
. We first need
to find for which values of r we have hprq ě µ and hprq ď ´µ.
We distinguish a number of cases depending on the sign of the constants
C1 and C2. The case C1 “ 0 is immediate.
If C1 ą 0 and C2 ă 0 (the case C1 ă 0 and C2 ą 0 is very similar),
then the function h increases from ´8 up to a positive value and then de-
creases to 0. The equation hprq “ ´µ has one real solution r´pµq, and the
equation hprq “ µ has, for µ small enough, exactly two real solutions, say
r`
1
pµq ă r`
2
pµq (see Figure 1). Then h´1pp´8,´µsq “ p0, r´pµqs, and
h´1prµ,8qq “ rr`1 pµq, r`2 pµqs. These roots can be estimated as follows
r´pµq “ ´C2
C1
´ 1
C1
ˆ
´C2
C1
˙α`1
µ` opµq
r`
1
pµq “ ´C2
C1
` 1
C1
ˆ
´C2
C1
˙α`1
µ` opµq
r`
2
pµq “ C1{α1 µ´1{α `
C2
αC1
` op1q
as µ Ñ 0. A straightforward (yet rather tedious) computation then gives
(9).
If C1 ą 0 and C2 ě 0 (and similarly if C1 ă 0 and C2 ď 0), then the
function h is strictly decreasing from 8 to 0, so the equation hprq “ µ has
a unique solution r`pµq, and h´1pr1,8qq “ rr`pµq,8q (see Figure 2). We
can estimate the root
r`pµq “ C1{α1 µ´1{α `
C2
αC1
` op1q
as µÑ 0 and (9) follows easily.

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hprq
r
r`
1
pµq r`
2
pµq
r´pµq
µ
´µ
FIGURE 1. The case
C1 ą 0, C2 ă 0.
hprq
r
r`pµq
µ
FIGURE 2. The case
C1 ą 0, C2 ě 0.
Using this Lemma we haveż
Rd
´ˇˇˇ pKpξq ` pF pξqˇˇˇ´ λ¯
`
dξ “ α
dpd´ αqλ
1´ d
α
ż
Sd´1
|fpθq| dα dσpθq
` 1
d´ α ´ 1λ
1´ d´1
α
ż
Sd´1
sgnpfpθqq|fpθq| d´α´1α gpθq dσpθq`opλ1´ d´1α q.
The first term on the right hand side of this equation can be simplified usingż
Rd
´
| pKpzq| ´ 1¯
`
dz “
ż
Sd´1
ż 8
0
ˆ |fpsq|
rα
´ 1
˙
`
rd´1 dr dσpsq
“
ż
Sd´1
ż |fpsq|1{α
0
p|fpsq|rd´α´1 ´ rd´1q dr dσpsq
“ α
dpd´ αq
ż
Sd´1
|fpsq|d{α dσpsq.
This completes the proof of Theorem 5. 
3. APPLICATIONS
Let us consider a special case of spherically symmetric kernelspKpξq “ |ξ|´α,
so
Kpzq “ C|z|´pd´αq,
where C “ pi´d{22´α Γp
d´α
2
q
Γpα
2
q .
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Corollary 8. Let pKpξq “ |ξ|´α, 0 ă α ă d. Thenÿ
k
p|λk| ´ λq` ď |Ω|p2piqd
α
dpd´ αq |S
d´1|λ1´ dα . (10)
If, moreover, α ă d´ 1, we also have the lower boundÿ
k
p|λk| ´ λq` ě |Ω|p2piqd
α
dpd´ αq |S
d´1|λ1´ dα
` 1p2piqd
Γ
`
α`1
2
˘
Γ
`
d´α
2
˘
Γ
`
α
2
˘
Γ
`
d´α`1
2
˘λ1´ d´1α ż
Sd´1
AΩpθq dσpθq ` opλ1´ d´1α q
as λÑ 0.
Proof. Using Theorem 1 we findÿ
k
p|λk| ´ λq` ď p2piq´d |Ω| λ1´ dα
ż
Rd
p|ξ|´α ´ 1q` dξ
“ |Ω|p2piqd
α
dpd´ αq|S
d´1 |λ1´ dα .
For the lower bound, keeping the notation from the previous section, we
first need to compute the constant γ “ ş
Sd´1
gpθq dθ. Consider the function
Epzq “ e´|z|2{2, so pEpξq “ p2piqd{2Epξq. By Parseval’s theorem we have
p2piqd
ż
Rd
F pzqEpzq dz “
ż
Rd
pF pzq pEpzq dξ.
Using polar coordinates z “ rθ on both sides this becomes
p2piqd{2 C|Ω|
ż
Sd´1
AΩpθq dσpθq
ż 8
0
rαe´r
2{2 dr
“
ż
Sd´1
gpθq dσpθq
ż 8
0
rd´α´2e´r
2{2 dr.
Changing the variable y “ r2{2 and using the definition of the gamma
function, we finally obtain
γ “ 2|Ω|
Γ
`
α`1
2
˘
Γ
`
d´α
2
˘
Γ
`
α
2
˘
Γ
`
d´α´1
2
˘ ż
Sd´1
AΩpθq dσpθq,
and the bound follows from Theorem 5. 
Remark 9. Note that if α “ 2, d ě 3, then 0 ă α ă d, kernel Kpxq is the
fundamental solution for the Laplacian in Rd. We obtainÿ
k
p|λk| ´ λq` ď p2piq´d |Ω| |Sd´1|λ1´ d2
ˆ
2
dpd´ 2q
˙
.
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In particular, if d “ 3, thenÿ
k
p|λk| ´ λq` ď 1?
λ
1
12 pi3
|Ω| |S2|.
This inequality allows us to obtain a bound on the number of the eigenvalues
greater than λ.
Corollary 10. Let pKpξq “ |ξ|´α, 0 ă α ă d. Then K ě 0, the eigenvalues
of λk ě 0 and for the number of the eigenvalues greater than λ of the
operator K we have
npλq “ #tk : λk ą λu ď p2piq´d λ´ dα |Ω| |Sd´1| d
d{α
d pd´ αqd{α . (11)
Proof. Let
χλptq “
#
1, t ě λ,
0, 0 ď t ă λ.
Let τ ă λ. Then clearly χλptq ď pt´τq`pλ´τq .
npλq “
ÿ
k
χpλkq ď
ÿ
k
pλk ´ τq`
pλ´ τq
ď p2piq´d |Ω| |Sd´1| τ
1´ d
α
λ´ τ
ˆ
α
dpd´ αq
˙
Minimising with respect to τ we find τ “ λp1 ´ α{dq and thus arrive at
(11). 
Let us consider spectrum of the operator of Dirichlet boundary value
problem ´∆D acting in L2pΩq, where Ω Ă Rd is a domain finite measure.
´∆upxq “ νupxq,
upxq
ˇˇˇ
xPBΩ
“ 0.
The best known estimate known estimate for the numberNpνq of the eigen-
values tνku below ν of this operator follows from the sharp semiclassical
inequality for the Riesz meansÿ
k
pν ´ νkq` ď p2piq´d |Ω| ν1`d{2
ż
|ξ|ă1
p1´ |ξ|2q dξ.
The latter implies (see [4])
Npνq “ #tk : νk ă νu ď p2piq´d |Ω| νd{2 |Sd´1| 1
d
ˆ
d` 2
d
˙ d
2
. (12)
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We can compare the last estimate with the semiclassical constant that is still
open Po´lya conjecture stated for all domains of finite measure
Npνq ď p2piq´d |Ω| νd{2
ż
|ξ|2ă1
dξ “ p2piq´d |Ω| νd{2 |Sd´1| 1
d
.
Note that if α “ 2 and pKpξq “ |ξ|´2 then the operator K is inverse to
´r∆ with some non-local boundary conditions and since the eigenvalues of
´∆D are larger than the eigenvalues of ´r∆ we have
Npν,´∆Dq ď Npν,´r∆q ď np1{νq.
Thus we obtain
Theorem 11. Let d ě 3 and let Ω Ă Rd be a domain of finite measure.
Then for the number of the eigenvalues below ν of the Dirichlet Laplacian
we have
Npν,´∆Dq ď p2piq´d ν d2 |Ω| |Sd´1| 1
d
ˆ
d
d´ 2
˙d{2
. (13)
Remark 12. The constant appearing in the right hand side in (13) is not
as good as in (12). It must be related to the fact that when considering
the Dirichlet boundary problem the Green function for the Laplacian in the
whole space has a negative compensating term that is responsible for the
Dirichlet boundary conditions. The integral operatorK with pKpξq “ 1{|ξ|2
in L2pΩq is the inverse to the Laplacian with some more complicated non-
local boundary conditions, see [3].
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